We give functional characterizations of Baire spaces in the class of topological spaces with a o -locally finite almost-base. This answers positively a question asked in [5] for topological spaces with a rr-locally finite almost-base.
Introduction
In [5] is posed the following question: Let £ be a space such that a certain graph theorem holds for E and all suitable F and mappings f:E->F.
Must E then be a Baire space? It is shown in [5] that the answer is positive if E is assumed to be metrizable. We give a simple proof that the answer is also positive if E is a topological space with a cr-locally finite almost-base.
Let £, f be topological spaces. A mapping / from £ to £ is called nearly continuous if for every x € E and every neighbourhood U of f(x) the set f~x(U) is a neighbourhood of x . (Compare [1] , [6] .) Following Bourbaki, we will call a topological space F Polish, if F is separable and metrizable by a complete metric.
A Lemma. Let E be a topological space and F be a metrizable separable space. If f: E -► F is a Borel measurable function of class one, then the graph of f is a Gs-set in E x F .
Proof. Let R be the set of the real numbers. Define cp: E x F -> R by cp(x, y) = d(f(x),y), where d is a metric in F. We prove that cp is a Borel measurable function of class one. It is sufficient to prove that for every aGR, a > 0 the sets {(x, y) : cp(x, y) > a} and {(x, y) : cp(x, y) < a} are Since / is Borel measurable function of class one, the above equalities guarantee that the sets {(x, y): cp(x, y) > a} and {(x, y): cp(x, y) < a} are Fgsets. Thus for each a, b € R, a, b > 0 {(x, y): a < cp(x, y) < b} is an Fa-set. Since R is a second countable, cp is a Borel measurable function of class one. Thus {(x, y): y = f(x)} = {(x, y): cp(x, y) = 0} = <p~\{0}) is a Gg-set.
The main theorems follow. Theorem 1. Let E be a topological space with a-locally finite almost-base and such that every singleton is a G ¿-set. Let F be a Polish space with at least two elements. The following statements are equivalent:
(1) E is a Baire space; (2) every nearly continuous mapping f:E^>F which is Borel measurable of class one is continuous; (3) every nearly continuous mapping f:E^F whose graph is a Gs-set is continuous.
Proof. (1) implies (2) and (3) by [5, Theorems 3 and 1] respectively. By the Lemma, (3) implies (2) . It remains only to prove that (2) implies (1) .
Assume that E is not Baire and choose a nonempty open set U which is of the first category. Let C, , C2, ... be a sequence of nowhere dense sets with \J{Cn: n € N} = U. Let T~n , n € N be locally finite sets of nonempty open sets such that 'V = LK^ : « € N} is almost-base of E. For every n € N put .^n = {UnV: V e^} . We construct sequences (G(n): n € N), (H(n): n € N) of subsets of E with the following properties: N} is an Fa-set, f is Borel measurable of class one. We prove that it is nearly continuous. Let x € \J{G(n): n € N}. Since \J{G(n): n € N} is a dense subset of U, f is nearly continuous at x . Let x € E\\J{G(n): « e N}. The set E \ \J{G(n): n e N} is dense in E, i.e., / is nearly continuous at x. But / is not continuous. Theorem 2. Let E be a T2 topological space with a a-discrete base. Let F be an infinite, second countable T2 topological space. The following statements are equivalent:
(1) E is a Baire space; (2) for every mapping f:E->F there is a dense set D in E such that the restriction f\D is continuous.
Proof. Let £ be a Baire space. Then by [6] there is a dense set A in E such that f\A is nearly continuous. Put g = f\A . By [4] there is a dense set D in A suchthat g\D is continuous. Then D is dense in E and f\D is continuous. Now assume that E is not Baire and choose a nonempty open set U which is of the first category. Let Cx , C2, ... be a sequence of mutually disjoint nowhere dense sets with \J{Cn: n € N} = U. Let L be an infinite discrete set of different points from F and let (cn : n > 0) be an enumeration of L.
Define f:E-^>F by f(Cn) = cn , n > 1, and f(E \U) = c0. There is no set D dense in E for which the restriction f\D is continuous. Suppose that there is a dense set D in E such that the restriction f\D is continuous. Choose x € D n U . There is n > 1 such that f(x) = cr . Since L is a discrete set and f\D is continuous at x there is an open neighbourhood V of x in E such that f(VnUr\D) = cn. Thus Cn = f~X(cn) D VnUnD, i.e., C" D V n U and that is a contradiction since Cn is nowhere dense.
Theorem 2 is a generalization of a known result from [1] .
